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Abstract: 

             The homogeneous ternary quadratic diophantine equation given by 𝒛𝟐 = 𝟔𝟑𝒙𝟐 + 𝒚𝟐 is 

analyzed for its non-zero distinct integer solutions through different methods. A few interesting 

properties between the solutions are presented. Also, formula for generating sequence of integer 

solutions based on the given solutions are presented. 
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Notation: 

 

𝑡𝑚,𝑛 = 𝑛 [1 +
(𝑛 − 1)(𝑚 − 2)

2
] 

Introduction: 

It is well known that the quadratic diophantine equations with three 

unknowns(homogenous (or) non-homogenous) are rich in variety [ 1,2 ]. In particular, the 

ternary quadratic diophantine equations of the form 𝑧2 = 𝐷𝑥2 + 𝑦2 are analyzed for values of 

𝐷 = 29,41,43,47,61,67 in [ 3-8]. In this communication, the homogeneous ternary quadratic 

diophantine equation given by 𝑧2 = 63𝑥2 + 𝑦2 is analyzed for its non-zero distinct integer 

solutions through different methods. A few interesting properties between the solutions are 

presented. Also, formulas for generating sequence of integer solutions based on the given 

solutions are presented.  
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METHOD OF ANALYSIS 

The ternary quadratic diophantine equation to be solved for its integer solutions is 

                                               𝒛𝟐 = 𝟔𝟑𝒙𝟐 + 𝒚𝟐                                                                                     (1) 

We present below different methods of solving (1)  

Method:1 

(1) is written in the form of ratio as 

𝑧 + 𝑦

9𝑥
=

7𝑥

𝑧 − 𝑦
=

𝛼

𝛽
 , 𝛽 ≠ 0                                                                                              (2) 

which is equivalent to the system of double equations 

9𝛼𝑥 − 𝛽𝑦 − 𝛽𝑧 = 0 

7𝛽𝑥 + 𝛼𝑦 − 𝛼𝑧 = 0                                                                                                   

Applying the method of cross-multiplication to the above system of equations,one obtains  

                                                    𝑥 = 𝑥(𝛼, 𝛽) = 2𝛼𝛽 

 𝑦 = 𝑦(𝛼, 𝛽) = 9𝛼2 − 7𝛽2 

  𝑧 = 𝑧(𝛼, 𝛽) = 9𝛼2 + 7𝛽2 

which satisfy (1) 

Properties: 

• 2[𝑦(𝛼, 1) + 𝑧(𝛼, 1)] = 9𝑥2(𝛼, 1) 

• 8[𝑦3(𝛼, 1) + 𝑧3(𝛼, 1) + 108 𝑦(𝛼, 1)𝑧(𝛼, 1)𝑥2(𝛼, 1) = 729𝑥6(𝛼, 1) 

• 2[𝑦(𝛼, 1) + 𝑧(𝛼, 1)] − 17𝑥(𝛼, 1) − 𝑡72,𝛼is a perfect square. 

• 𝑦(𝛼, 1) − 𝑡20,𝛼 ≡ 1(𝑚𝑜𝑑8) 

• 9𝑦(𝛼, 1) − 𝑡164,𝛼 ≡ 17(𝑚𝑜𝑑80) 

• 𝑦(𝛼, 1) + 𝑧(𝛼, 1) − 36𝑡3,𝛼 ≡ 4(𝑚𝑜𝑑18) 

Note:1 

It is observed that (1) may also be represented as below: 

(𝑖)
𝑧 + 𝑦

7𝑥
=

9𝑥

𝑧 − 𝑦
=

𝛼

𝛽
 , 𝛽 ≠ 0                                                     
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(𝑖𝑖)
𝑧 + 𝑦

21𝑥
=

3𝑥

𝑧 − 𝑦
=

𝛼

𝛽
 , 𝛽 ≠ 0                                                     

                                (𝑖𝑖𝑖)
𝑧 + 𝑦

3𝑥
=

21𝑥

𝑧 − 𝑦
=

𝛼

𝛽
 , 𝛽 ≠ 0 

                                (𝑖𝑣)
𝑧 + 𝑦

𝑥
=

63𝑥

𝑧 − 𝑦
=

𝛼

𝛽
 , 𝛽 ≠ 0 

Employing the procedure as above in each of the above representations,the corresponding 

solutions to (1) are presented below: 

Solutions for (𝒊): 

                                       𝑥 = 2𝛼𝛽, 𝑦 = 7𝛼2 − 9𝛽2,     𝑧 = 7𝛼2 + 9𝛽2 

Solutions for (𝒊𝒊): 

𝑥 = 2𝛼𝛽, 𝑦 = 21𝛼2 − 3𝛽2, 𝑧 = 21𝛼2 + 3𝛽2 

Solution for (𝒊𝒊𝒊): 

𝑥 = 2𝛼𝛽, 𝑦 = 3𝛼2 − 21𝛽2, 𝑧 = 3𝛼2 + 21𝛽2 

Solution for (𝒊𝒗): 

                                      𝑥 = 2𝛼𝛽, 𝑦 = 𝛼2 − 63𝛽2,     𝑧 = 𝛼2 + 63𝛽2 

Method:2 

(1)is written as the system of double equations in Table 1 as follows: 

Table:1System of Double Equations 

 

 

 

 

 

 

 

System 

 

I 

 

II 

 

III 

 

IV 

 

V 

 

VI 

 

VII 

 

VIII 

 

z+y = 

 

   𝑥2 

 

 

3𝑥2 

 

7𝑥2 

 

9𝑥2 

 

21𝑥2 

 

9𝑥 

 

21𝑥 

 

63𝑥 

 

z-y = 

 

63 

 

21 

 

9 

 

7 

 

3 

 

7𝑥 

 

3𝑥 

 

 𝑥 
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Solving each of the above system of double equations,the values of 𝑥, 𝑦& 𝑧 satisfying (1) are 

obtained .For simplicity and brevity, in what follows, the integer solutions thus obtained are 

exhibited. 

Solutions for system: I 

          𝑥 = 2𝑘 + 1, 𝑦 = 2𝑘2 + 2𝑘 − 31, 𝑧 = 2𝑘2 + 2𝑘 + 32 

Solutions for system: II 

                                   𝑥 = 2𝑘 + 1, 𝑦 = 6𝑘2 + 6𝑘 − 9,    𝑧 = 6𝑘2 + 6𝑘 + 12 

Solutions for system: III 

                                  𝑥 = 2𝑘 + 1,   𝑦 = 14𝑘2 + 14𝑘 − 1, 𝑧 = 14𝑘2 + 14𝑘 + 8                                     

Solutions for system: IV 

        𝑥 = 2𝑘 + 1,   𝑦 = 18𝑘2 + 18𝑘 + 1, 𝑧 = 18𝑘2 + 18𝑘 + 8                

Solutions for system: V 

                                𝑥 = 2𝑘 + 1,    𝑦 = 42𝑘2 + 42𝑘 + 9, 𝑧 = 42𝑘2 + 42𝑘 + 12 

Solutions for system: VI 

𝑥 = 𝑘,    𝑦 = 𝑘,      𝑧 = 8𝑘 

Solutions for system: VII 

𝑥 = 𝑘,    𝑦 = 9𝑘,    𝑧 = 12𝑘  

Solutions for system: VIII 

𝑥 = 𝑘,    𝑦 = 31𝑘,   𝑧 = 32𝑘 

Method:3 

Let 𝑧 = 𝑦 + 𝑘, 𝑘 ≠ 0                                                                                                               (3)   

                     ∴ (1) ⇒ 2𝑘𝑦 = 63𝑥2 − 𝑘2 

Assume  

𝑥 = 𝑘(2𝛼 + 1)                                                                                                                                   (4) 

     ∴ 𝑦 = 63(2𝑘𝛼2 + 2𝑘𝛼) + 31𝑘                                                                                                      (5) 
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In view of (3), 

                           𝑧 = 63(2𝑘𝛼2 + 2𝑘𝛼) + 32𝑘                                                                           (6) 

Note that (4), (5), (6)satisfy (1). 

Method:4 

(1) is written as 

𝑦2 + 63𝑥2 = 𝑧2 = 𝑧2 ∗ 1                                                                                               (7) 

Assume 𝑧 as 

                                    𝑧 = 𝑎2 + 63𝑏2                                                                                                     (8) 

Write 1 as 

                               1 =
(1 + 𝑖√63)(1 − 𝑖√63 )

64
                                                                         (9) 

Using (8)& (9) in (7) and employing the method of factorization,consider 

(𝑦 + 𝑖√63 𝑥) = (𝑎 + 𝑖√63 𝑏)
2

.
(1 + 𝑖√63)

8
 

Equating the real&imaginary parts, it is seen that  

𝑥 =
1

8
[𝑎2 − 63𝑏2 + 2𝑎𝑏]

       𝑦 =
1

8
[(𝑎2 − 63𝑏2) − 126𝑎𝑏]

}                                                                                                 (10) 

Since our interest is to find the integer solutions,replacing 𝑎 𝑏𝑦 8𝐴&𝑏 𝑏𝑦 8𝐵  in (10)& (8),the 

corresponding integer solutions to (1) are given  by 

                                                       𝑥 =  𝑥(𝐴, 𝐵) = 8[𝐴2 − 63𝐵2 + 2𝐴𝐵], 

                                                 𝑦 = 𝑦(𝐴, 𝐵) = 8[𝐴2 − 63𝐵2 − 126𝐴𝐵],   

                                                 𝑧 = 𝑧(𝐴, 𝐵) = 64[𝐴2 + 63𝐵2] 

Properties: 

• 𝑥(𝐴, 𝐴 + 1) − 𝑦(𝐴, 𝐴 + 1) = 2048𝑡3,𝐴 

• [𝑥(𝛼2, 𝛼 + 1) − 𝑦(𝛼2, 𝛼 + 1) − 64𝑡34,𝛼2] is 31 times a square. 

• 8𝑦(𝐴, 𝐴 + 1) + 𝑧(𝐴, 𝐴 + 1) = 64[𝑡6,𝐴 − 252𝑡3,𝐴] 

• 8𝑥(𝐴, 𝐴 + 1) + 𝑧(𝐴, 𝐴 + 1) = 64[𝑡6,𝐴 + 4𝑡3,𝐴] 

• 4(𝑥(𝐴, 𝐴 + 1) + 𝑦(𝐴, 𝐴 + 1)) + 𝑧(𝐴, 𝐴 + 1) = 64[𝑡6,𝐴 − 124𝑡3,𝐴] 
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Note:2 

 In addition to (9),1 may also be represented as follows: 

                        (𝑣)           1 =
(9 + 𝑖√63)(9 − 𝑖√63)

144
 

(𝑣𝑖)          1 =
[(63𝛼2 − 𝛽2) + 𝑖√63 .2𝛼𝛽][(63𝛼2 − 𝛽2) − 𝑖√63 . 2𝛼𝛽]

(63𝛼2 + 𝛽2)2
 

For the above choices,the corresponding values of 𝑥, 𝑦, 𝑧 satisfying (1) are given below: 

Solutions for (𝒗): 

                                      𝑥 = 12[𝐴2 − 63𝐵2 + 18𝐴𝐵],  

                                     𝑦 = 12[9𝐴2 − 567𝐴𝐵 − 126𝐴𝐵], 

                                     𝑧 = 144[𝐴2 + 63𝐵2] 

Solutions for (𝒗𝒊): 

𝑥 = (63𝛼2 + 𝛽2)[2𝛼𝛽(𝐴2 − 63𝐵2) + 2𝐴𝐵(63𝛼2 − 𝛽2)],  

𝑦 = (63𝛼2 + 𝛽2)[(63𝛼2 − 𝛽2)(𝐴2 − 63𝐵2) − 252𝛼𝛽𝐴𝐵], 

                                 𝑧 = (63𝛼2 + 𝛽2)2(𝐴2 + 63𝐵2) 

 

GENERATION OF SOLUTIONS 

Different formulas for generating sequence of integer solutions based on the given solution are 

presented below: 

 Let (𝑥0, 𝑦0, 𝑧0) be any given solution to (1) 

Formula: 1 

Let (𝑥1, 𝑦1, 𝑧1)given by  

𝑥1 = 𝑥0 + ℎ,  𝑦1 = 𝑦0,  𝑧1 = −𝑧0 + 8ℎ                                         (11) 

be the 2nd solution to (1).Using (11) in (1) and simplifying, one obtains 

ℎ = 126𝑥0 + 16𝑧0 

In view of (11), the values of  𝑥1 and 𝑧1 is written in the matrix form as 



 

© 2021, IRJEdT ISSN: 2581-7795 Volume: 01 Issue: 05 | January 2021               Page 107 - 116 

(𝑥1, 𝑧1)𝑡 = 𝑀(𝑥0, 𝑧0)𝑡 

where 

𝑀 = (
127 16

1008 127
) and  𝑡 is the transpose 

The repetition of the above process leads to the 𝑛𝑡ℎ solutions 𝑥𝑛, 𝑧𝑛 given by 

(𝑥𝑛, 𝑧𝑛)𝑡 = 𝑀𝑛(𝑥0, 𝑧0)𝑡 

If 𝛼, 𝛽 are the distinct eigenvalues of  𝑀, then 

 𝛼 = 127 + 48√7, 𝛽 = 127 − 48√7 

We know that 

𝑀𝑛 =
𝛼𝑛

(𝛼 − 𝛽)
(𝑀 − 𝛽𝐼) +

𝛽𝑛

(𝛽 − 𝛼)
(𝑀 − 𝛼𝐼), 𝐼 = 2 × 2 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑚𝑎𝑡𝑟𝑖𝑥 

Thus, the general formulas for integer solutions to (1) are given by 

𝑥𝑛 = (
𝛼𝑛 + 𝛽𝑛

2
) 𝑥0 + (

𝛼𝑛 − 𝛽𝑛

6√7
) 𝑧0 

                                                      𝑦𝑛 = 𝑦0 

                                                    𝑧𝑛 =
21

2√7
(𝛼𝑛 − 𝛽𝑛)𝑥0 + (

𝛼𝑛 + 𝛽𝑛

2
) 𝑧0 

Formula: 2 

Let (𝑥1, 𝑦1, 𝑧1)given by  

𝑥1 = 3𝑥0,  𝑦1 = 3𝑦0 + ℎ,  𝑧1 = 2ℎ − 3𝑧0                                                                    (12) 

be the 2nd solution to (1).Using (12) in (1) and simplifying, one obtains 

ℎ = 2𝑥0 + 16𝑧0                                                                                                                                            

In view of (12), the values of  𝑦1 and 𝑧1 is written in the matrix form as 

 (𝑦1, 𝑧1)𝑡 = 𝑀(𝑦0, 𝑧0)𝑡 

where 

𝑀 = (
5 4
4 5

) and 𝑡 is the transpose 
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The repetition of the above process leads to the 𝑛𝑡ℎ solutions 𝑦𝑛, 𝑧𝑛 given by 

(𝑦𝑛, 𝑧𝑛)𝑡 = 𝑀𝑛(𝑦0, 𝑧0)𝑡 

If 𝛼, 𝛽 are the distinct eigenvalues of  𝑀, then 

𝛼 = 1, 𝛽 = 9 

Thus, the general formulas for integer solutions to (1) are given by 

                            𝑥𝑛 = 3𝑛𝑥0 

                           𝑦𝑛 = (
9𝑛 + 1

2
) 𝑦0 + (

9𝑛 − 1

2
) 𝑧0 

                           𝑧𝑛 = (
9𝑛 − 1

2
) 𝑦0 + (

9𝑛 + 1

2
) 𝑧0 

Formula: 3 

Let (𝑥1, 𝑦1, 𝑧1)given by  

𝑥1 = −64𝑥0 + ℎ,  𝑦1 = −64𝑦0 + ℎ,  𝑧1 = 64𝑧0                                                                    (13) 

be the 2nd solution to (1).Using (13) in (1) and simplifying, one obtains 

ℎ = 126𝑥0 + 2𝑦0                                                                                                                              

In view of (13), the values of  𝑥1 and 𝑦1 is written in the matrix form as 

(𝑥1, 𝑦1)𝑡 = 𝑀(𝑥0, 𝑦0)𝑡 

where 

𝑀 = (
62 2

126 −62
) and 𝑡 is the transpose 

The repetition of the above process leads to the 𝑛𝑡ℎ solutions 𝑥𝑛, 𝑦𝑛 given by 

(𝑥𝑛, 𝑦𝑛)𝑡 = 𝑀𝑛(𝑥0, 𝑦0)𝑡 

If 𝛼, 𝛽 are the distinct eigenvalues of𝑀, then 

𝛼 = 64,  𝛽 = −64 

Thus, the general formulas for integer solutions to (1) are given by 
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𝑥𝑛 = 64𝑛−1(63 + (−1)𝑛)𝑥0 + 64𝑛−1(1 − (−1)𝑛)𝑦0                                                  

                       𝑦𝑛 = 63. 64𝑛−1(1 − (−1)𝑛)𝑥0 + 64𝑛−1(1 + 63(−1)𝑛)𝑦0 

                      𝑧𝑛 = 64𝑛𝑧0                                                                                                                                                              
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