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Abstract : The ternary quadratic equation given by
222 1321124 zyxyx 

isconsidered and searched for its many different integer solution . Five different 
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1.INTRODUCTION: 

        The Diophantine equation offer  an unlimited field for research due to their 

variety[1-3].In particular ,one may refer [4-15] for quadratic equations with 

three unknowns .  This communication concerns with yet another interesting 

equation 
222 1321124 zyxyx   representing homogeneous equation with 

three for determining  its infinitely Many non -zero integral points.  Also ,few 

interesting relations among the solutions are  presented. 

2.NOTATIONS: 

 th

nm nt , term of a regular polygon with m sides. 
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  







 


2

21
1

mn
n  

 nPR pronic number of rank n 

 1 nn  

3.METHOD OF ANALYSIS  

The quadratic diophantine   equations with three unknowns to be solved 

is given by, 
222 4487 zyx   (1) 

Substituting, 

 








TXy

TXx

7                                (2)
 

in (3.1),we get,   

    222
44877 zTXTx        

Then, 
222 567 zTX                     (3) 

(3) is solved through different approaches and the different patterns of 

solution of (1) obtained are presented below, 

 

PATTERN 1 

Assume , 
22 7baz                               (4) 

Write 56 as, 

  777756 ii   

 (3) can be written as, 

        22
77777777 biabiaiiTiXTiX   

Equating positive terms 

 

    27777 biaiTiX   
 

Equating real and imaginary parts 

abbaX 14497 22   
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abbaT 147 22   

From (2),     

TXy

TXx

7


 

We obtain the non-zero distinct integral solution of (1) as 

abbabax 28426),( 22   

abbabay 84987),( 22   

22 7),( babaz   

PROPERTIES: 

140Pr5643)1,()1,( ,4  aatayax  

56Pr112111)1,()1,( ,4  aatayax  

35Pr2835)1,()1,( ,4  aatazax  

 

PATTERN 2 

Assume , 

22 7baz   

Write 56 as, 

 

  
27

757757
56

ii 
  

(3) can be written as, 

       22

2
77

2

757757
7)7( biabia

TiTi
TiXTiX 




 
Taking  positive  terms, 

2)7)(757(
2

1
)7( biaiTiX 

 

)14355(7)70497(
2

1
)7( 2222 abbaiabbaTiX 

 
Equating real and imaginary parts, 

)70497(
2

1 22 abbaX   

)14355(
2

1 22 abbaT   

From (2) 

TXy

TXx

7


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Assume a=2A, b=2B ,We obtain the non-zero distinct integral solution of 

(1) as 

22

22

22

284),(

5658884),(

168284),(

BABAz

ABBABAy

ABBABAx







 

 

PROPERTIES: 

616Pr112200)1,()1,( ,4  AAtAyAx  

560Pr224144)1,()1,( ,4  AAtAyAx  

0Pr168176)1,()1,( ,4  AAtAzAx  

 

 

PATTERN 3 

Assume , 

22 7baz   

56 can be written as, 

  
24

711711
56

iXiX 
  

(3) can be write as, 

22

2
)7()7(

4

)7117)(7117(
)7)(7( biabia

ii
TiXTiX 


  

Taking positive terms, 

2)7(
4

7117
)7( bia

i
TiX 


  

   )147711(7154497
4

1 2222 abbaiabba   

Equating real and imaginary parts, 

 

 

 abbaT

abbaX

147711
4

1

154497
4

1

22

22




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Assume BbAa 4,4   , we obtain the non-zero distinct integral soln of (1)

 

22

22

22

11216),(

2242352336),(

67211216,

BABAz

ABBABAy

ABBABAx







 

PROPERTIES 

2240Pr8961216)1,()1,( ,4  AAtAyAx  

2464Pr44896)1,()1,( ,4  AAtAyAx  

224Pr672672)1,()1,( ,4  AAtAzAx  

 

PATTERN 4 

Assume , 
22 7baz   

56  can also be written as  

  777756 ii   

1 can be write as , 

  
24

7373
1

ii 
  

Substitute this in (4),we get, 

          22

2
77

4

7373
777777 biabia

ii
iiTiXTiX 


  

Taking positive terms, 

     27
4

73
777 bia

i
iTiX 


  

    abbaiabba 28701071409814
4

1 2222   

Equating real and imaginary parts, 

 

 abbaT

abbaX

287010
4

1

1409814
4

1

22

22





 

From (2) 
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TXy

TXx

7


 

Assume a=4A, b=4B, We obtain the non-zero distinct  integral solution of 

(1)as, 

 

 

  22

22

22

11216,

2242352336,

67211216,

BABAz

ABBABAy

ABBABAx







 

PROPERTIES: 

2464Pr448800)1,()1,( ,4  AAtAyAx  

2240Pr896576)1,()1,( ,4  AAtAyAx  

0Pr672704)1,()1,( ,4  AAtAzAx  

 

PATTERN 5 

 
     TzTzzXzX

TzzX

zzTX

zTX









777

749

4977

567

2222

2222

222

(5)     

 

 

Case 1 

(5) can be written as , 

  













zX

Tz

Tz

zX

77

7
 

Which  is equivalent to the system of double equation as, 

 
  








07

0777





zTX

zTX

                                  (6)
 

Solving (6) by the method of cross multiplication, we get 















22

22

22

7

7

749







z

T

X

                                   (7)
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Substiuting  (7) in(4), the non-zero distinct integer solution of (1) are 

given by, 

 

 

  22

22

22

7,

1498,

642,













z

y

x

 

 

PROPERTIES: 

20140)1,()1,( ,4   tyx  

)2(mod056)1,()1,( ,4   tyx  

535)1,()1,( ,4   tyx  

 

 

 

Case 2 















zX

Tz

Tz

zX

7

)(77
 

Which is equivalent to the system of double equation as, 









0)(77

0)7(





zTX

zTX

  (8)
 

Solving (8) by the method of cross multiplication, we get 















22

22

22

7

714

49147







z

T

X

(9)

 

Substituting (9) in (2) ,the non-zero distinct integer solution of (1) are 

given by, 

22

22

22

7),(

849814),(

28426),(













z

y

x

 

PROPERTIES 

140Pr54764)1,()1,( ,4   tyx  

)2(mod0Pr112120)1,()1,( ,4   tyx  
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35Pr2821)1,()1,( ,4   tzx  

 

 

Case 3 

 















zX

Tz

z

zX

7

)(7

7

7
 

Which is equivalent to the system of double equation as, 









07)77(

0)7(

TzX

TzX





                             (10)
 

Solving (3.10) by the method of cross multiplication, we get 















22

22

22

714

7

49147







T

z

X

                               (11)

 

Substituting (11) in (2) ,the non-zero distinct integer solution of (1) are 

given by, 

22

22

22

7),(

988414),(

42286),(













z

y

x

 

 

PROPERTIES: 

140Pr5636)1,()1,( ,4   tyx  

56Pr112104)1,()1,( ,4   tyx  

)7(mod0Pr2833)1,()1,( ,4   tzx  

 

Case 4 















zX

Tz

Tz

zX

7

)(77
 

Which is equivalent to the system of double equation as, 









07)77(

 0)7(

TzX

TzX





                             (12)
 

Solving (3.12) by the method of cross multiplication, we get 
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













22

22

22

714

7

49147







T

z

X

                              (13)

 

Substituting (13) in (2) ,the non-zero distinct integer solution of (1) are 

given by, 

22

22

7),(

112),(

568),(













z

y

x

 

 

 

PROPERTIES: 

56Pr112104)1,()1,( ,4   tyx  

56Pr112120)1,()1,( ,4   tyx  

)7(mod0Pr112111)1,()1,( ,4   tzy
 

 

CONCLUSION: 

In this paper,we have presented infinitely many non-zero distinct integer 

solution to the ternary quadratic  equation 7x
2
+y

2
=448z

2
representing 

homogeneous cone .  As diophantine equation are rich in variety , to 

conclude, one may search for other forms of three dimentional surfaces , 

namely , non-homogeneous cone , paraboloid , ellipsoid ,hyperbolic 

paraboloid and so on for finding integral points on them and 

corresponding properties .
 

 

REFERENCES: 

 

[1] L. E. Dickson, “History of Theory of Numbers and Diophantine 

Analysis”,vol.2, Dover publications, New York 2005. 

 [2] L.J. Mordell, “Diophantine Equations”, Academic press, New York 1970. 



 

Page | 28  
© 2021, IRJEDT Volume: 01 Issue: 06 | March 2021 

[3] R.D.Carmicheal,”The Theory of Number and Diophantine Analysis”, Dover 

publication, New York 1959. 

 [4] M.A. Gopalan and D.Geetha,Lattice Points on the Hyberboloid of two 

sheets, 45266 222  zYXYXYX  Impact J.Sci. Tech., 4 [2012] 127-

136. 

 [5] M.N. Gopalan, S. Vidhyalakshimi and A.Kavitha, Integral points on the 

Homogeneous cone 
222 72 YXZ   , The Diophantus J Math., 1[2] [2012] 

127-136. 

 [6] M.A. Gopalan, S. Vidhyalakshmi and G.Sumathi, Lattice points on the 

Hyperboloid one sheet 4324 222  YXZ  , The Diophantus J Math., 1[2] 

[2012] 109-115. 

 [7] M.A. Gopalan, S.Vidhyalakshmi and K.Lakshmi, Integral points on the 

Hyperboloid two sheet 2173 222  ZXY  , The Diophantus J Math., 1[2] 

[2012] 99-107. 

 [8] M.A. Gopalan, S.Vidhyalakshmi and S.Mallika, Observations on 

Hyperboloid of one sheet 22 222  ZYX  , Bessel J. Math., 2[3] [2012] 

221-226. 

 [9] M.A. Gopalan, S.Vidhyalakshmi, T.R Usha Rani and S.Mallika, Integral 

points on the Homogeneous cone 0236 222  XYZ  , The Impact J.Sci Tech., 

6[1] [2012] 7-13. 

 [10] M.A. Gopalan, S.Vidhyalakshmi and T.R.Usha Rani, Integral Points on 

the Non-Homogeneous cone 04842  ZXXYZ  ”Global Journal of 

Mathematics and Mathematical Science”, 2[1] [2012] 61-67. 

 [11] M.A. Gopalan, S.Vidhyalakshmi and T.R Usha Rani, Integral points on 

the Non- Homogeneous cone 04842  ZXXYZ  , “Global Journal of 

Mathematics and Mathematical science”., 2[1] [2012] 61-67. 

 [12] M.A. Gopalan, S.Vidhyalakshmi and K.Lakshmi, Lattice points on the 

Elliptic Paraboloid XZY 496 22   , Bessel J. Math., 3[2] 

 



 

Page | 29  
© 2021, IRJEDT Volume: 01 Issue: 06 | March 2021 

[13] M.A. Gopalan, S.Vidhyalakshmi and S.AarthyThangam, “On Ternary 

Quadratic Diophantine Equation”   20 ZYXX , IJIRSE., 6[8] [2017] 15739-

15741. 

 [14] M.A. Gopalan, S.Vidhyalakshmi, E.Bhuvaneswari and R.Presenna, “On 

Ternary Quadratic Diophantine Equation”   22 2065 ZXYYX   , 

International Journal of Advanced Scientific Research, 1[2] [2016] 59-61. 

 [15] H.Ayesha Begum, T.R Usha Rani, “On Ternary Quadratic Diophantine 

Equation”   22
1223 ZXYYX   , International Research Journal  of 

Engineering and Technology, vol:06[2019] 

 

 

 

 

 

 

 


