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Abstract : The ternary quadratic equation given by 4x? —12xy +21y? =137?

isconsidered and searched for its many different integer solution . Five different
choices of integer solution of the above equations are presented .A few

interesting  relations between the  solutions and special polygonal
numbers are presented.
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1.INTRODUCTION:

The Diophantine equation offer an unlimited field for research due to their
variety[1-3].In particular ,one may refer [4-15] for quadratic equations with
three unknowns . This communication concerns with yet another interesting

equation 4x° —12xy+21y* =13z* representing homogeneous equation with

three for determining its infinitely Many non -zero integral points. Also ,few
interesting relations among the solutions are presented.

2.NOTATIONS:

e t.,=n"term of a regular polygon with m sides.
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_ n(1+ (n—1)m— 2))

2
e PR, =pronic number of rank n
=n(n+1)

3.METHOD OF ANALYSIS

The quadratic diophantine equations with three unknowns to be solved
IS given by,
7X? +y? = 4482° (1)
Substituting,
Xx=X-T
y=X+ 7T} (2)
in (3.1),we get,
T(x=T Y +(X +7T )y = 4487°
Then,
X2 4+7T2 =562° (3)
(3) is solved through different approaches and the different patterns of
solution of (1) obtained are presented below,

PATTERN 1
ASsuUme ,

z=2a%+7b? (4)
Write 56 as,

56 = (7+iv7 [7-i7)

(3) can be written as,

(X +IVTT X =iv/7T )= (7 +iV7J7-iv7 fa+ iV 70 (a—iv7b)

Equating positive terms
(X + iﬁT)z (7 + iﬁXa+ i«/?b)2

Equating real and imaginary parts
X =7a* —49b* —14ab
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T =a® —7b” +14ab
From (2),
X=X-T
y=X+T7T
We obtain the non-zero distinct integral solution of (1) as
x(a,b) = 6a® —42b* — 28ab
y(a,b) = 7a® —98b? +84ab
z(a,b) =a® + 7b?
PROPERTIES:
x(a,1) +y(al)+43t,, —56Pr, =-140
x(al)-y(al)—-111t,, +112Pr, =56
x(a,1) +z(al) - 35t,, +28Pr, =-35

PATTERN 2
ASSUMe ,

z=a%+7b?
Write 56 as,
o _ [7+5W7 J7-5i47)

- =
(3) can be written as,
(x+wﬁ%x—wﬁjzh+aJﬁxhﬁwﬁj@ﬂJ%f@4J%f

2

Taking positive terms,
(X+hﬁTy:%a+aJ7xa+hﬁm2

(X +iJ7T)::%(7a2-—49b2——70ab)+i47(5a2-—35b2-+14ab)
Equating real and imaginary parts,
X = %(m2 —49b* —70ab)

T= %(5a2 —35b? +14ab)
From (2)

X=X-T

y=X+T7T
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Assume a=2A, b=2B ,We obtain the non-zero distinct integral solution of
(1) as
x(A, B) = 4A* —28B* —168AB

y(A, B) =84A% —-588B” + 56 AB
z(A B) = 4A* + 28B*

PROPERTIES:

x(A1)+ y(Al)+200t, , +112Pr, =616
X(AL) - y(Al)—144t, , + 224Pr, =560
X(A1)+ (A1) -176t, , +168Pr, =0

PATTERN 3
Assume ,
z=a’+7b’
56 can be written as,
(X +11iv7 X -11iv7)
42
(3) can be write as,
(X +iTTYX —if7T) < T WD LN (i o iy

56 =

42
Taking positive terms,
(X +iV7T) = 7+1liﬁ(a+iﬁb)2

_ %[(7612 — 49b2 ~154ab)+ V7 (11a% - 77b? +14ab)|

Equating real and imaginary parts,
X = %(7:;12 — 49b? —154ab)

T= %(11:;12 —77b? +14ab)
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Assumea =4A,b=4B , we obtain the non-zero distinct integral soln of (1)
x(A,B)=-16A% +112B* - 672AB

y(A B) =336A2 — 235282 — 224 AB

z(A,B)=16A% +112B*

PROPERTIES

x(Al)+ y(Al)-1216t, , +896Pr, =—2240
x(AL) - y(Al)—96t, , +448Pr, = 2464
X(A1)+z(Al1)-672t, , +672Pr, =224

PATTERN 4

Assume ,

z=a’+7b°

56 can also be written as
56 = (7+iv7 f7-iv7)

1 can be write as,

B+iv7)3-iv7)
42

1=

Substitute this in (4),we get,
(X +IVTT X —iV7T )= (7 +iv7f7 + iﬁ)(3+ i*/zxf_ iﬁ)(a+ iv7b (a—iv7bf
Taking positive terms,

(X +i\/7T): (7+ iﬁ)w(aﬂﬁb)z

- %[(143.2 —98b? —140ab)+ i+/7 (1082 — 70b2 + 28ab)|

Equating real and imaginary parts,

X = %(14:;12 —98h? ~140ab)

T= %(wa2 —70b? + 28ab)

From (2)

Page | 23
© 2021, IRJEDT Volume: 01 Issue: 06 | March 2021



@,
LI-LYZ—]J\I International Research Journal of Education and Technology
IRJET

ISSN 2581-7795

X=X-T
y=X+7T

Assume a=4A, b=4B, We obtain the non-zero distinct integral solution of
(1)as,

x(A,B)=16A% —~112B* —672AB
y(A, B)=336A%? — 2352B% + 224AB

z(A,B)=16A% +112B?

PROPERTIES:

(A1) + y(Al)-800t, , +448Pr, = —2464
x(A1) - y(Al)-576t, , +896Pr, = 2240
X(AL)+z(Al)—704t, , +672Pr, =0

PATTERN 5

X2+ 7T?% =5622

= X% +7T2 =722 +497°

= X2 -4972 =7(22 -T?)

= (X +72)\X =72)=7(z+T )z —T)(S)
Case 1

(5) can be written as
X+7z z-T a

(z+T) X-7z B
Which is equivalent to the system of double equation as,
XB—TaT + z(7ﬂ—7a):o}
aX — T —z2(Ta+ B)=0 (6)
Solving (6) by the method of cross multiplication, we get
X =-49a” — 77
T=-Ta’-p?

z2=Ta’ + p?

(7)
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Substiuting (7) in(4), the non-zero distinct integer solution of (1) are
given by,

x(a, B) = —42a* — 657
y(a, B)=-98a* —145°
2(er, B)=Ta? + p?

PROPERTIES:

X(a1) + y(e 1) +140t, , =20
X(a1) + y(a 1) - 56t, , = 0(mod 2)
X(a)) + y(er 1) +35t, , =-5

Case 2
X+72 7(z+T) «
z-T X-7z B
Which is equivalent to the system of double equation as,

- pX —aT+Z(a—7,B):O}
(8)

aX =707 —7z(a+ f)=0

Solving (8) by the method of cross multiplication, we get
X =7a’ +14a - 49 57

T =a’-14aB-T7p°

= az + 7ﬂ2 (9)
Substituting (9) in (2) ,the non-zero distinct integer solution of (1) are
given by,

x(a, B) = 6a® —428% + 28af

y(a, f) =14a? —983% —84af

Z(a, B)=a’ +75°

PROPERTIES

x(a1) + y(a,l) - 764t, , +54Pr, = ~140
X(ad) - y(a 1) +120t, , —112Pr, = 0(mod 2)
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X(a )+ z2(a 1)+ 21t, , —28Pr, =-35

Case 3

X=7z _1z-T) «
z+7 X+7z p
Which is equivalent to the system of double equation as,
PX —z(7Tp+ax)—al =0
—aX +z(7Tp—-Ta)—-7p0T :O} (10)
Solving (3.10) by the method of cross multiplication, we get
X =-Ta® +14aB+495°
z=a’+7p°
T=—a’-14ap+7p°

(11)
Substituting (11) in (2) ,the non-zero distinct integer solution of (1) are
given by,

X(a, B) = —6a’ + 28af3 + 42 3*
y(a, B) = —14a? —84af + 983>
2(a, B) = a® +71p°

PROPERTIES:

X(a1) + y(a 1) - 36t, , +56Pr, =140
X(al) - y(a 1) +104t, , —112Pr, = -56
X(a1) + 2(a 1) +33t, , — 28Pr, = 0(mod7)

Case 4

X+72 _7(z-T) «

2+T X-77 B
Which is equivalent to the system of double equation as,
PX+z2(71f—a)—aTl =0
—aX +z(Tp+7a)-T06T :0} (12)
Solving (3.12) by the method of cross multiplication, we get
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X =T7a® +14af - 4957
z=0a"+ 7ﬁ2
T=—a’+14af+15° (13)
Substituting (13) in (2) ,the non-zero distinct integer solution of (1) are

given by,

x(ct, f) =8a? —563°
Y(a, B) =112ap
2(a, B) = a® +1/3°

PROPERTIES:
x(a,1) + y(a.1) +104t, , —112Pr, =56

X(al) - y(a 1) -120t, , +112Pr, = -56
y(ad) + z(a]) +111t, , —112Pr, =0(mod7)

CONCLUSION:

In this paper,we have presented infinitely many non-zero distinct integer
solution to the ternary quadratic equation 7x*+y*=448z°representing
homogeneous cone . As diophantine equation are rich in variety , to
conclude, one may search for other forms of three dimentional surfaces ,
namely , non-homogeneous cone , paraboloid , ellipsoid ,hyperbolic
paraboloid and so on for finding integral points on them and
corresponding properties .
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